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ON SOME ANALYTIC PROPERTIES OF SLICE POLY-REGULAR
HERMITE POLYNOMIALS
AMAL EL HAMYANI AND ALLAL GHANMI
Abstract. We consider a quaternionic analogue of the univariate complex
Hermite polynomials and study some of their analytic properties in some detail.
We obtain their integral representation as well as the operational formulas
of exponential and Burchnall types they obey. We show that they form an
orthogonal basis of both the slice and the full Hilbert spaces on the quaternions
with respect to the Gaussian measure. We also provide different types of
generating functions. Remarkably identities, including quadratic recurrence
formulas of Nielsen type are derived.
1. Introduction
The univariate complex Hermite polynomials for a pair of conjugate variables,
Hm,n(z, z) = (−1)m+ne|z|
2 ∂m+n
∂zm∂zn
e−|z|
2
,(1)
constitute a complete orthogonal system of the Hilbert space L2(C; e−|z|
2
dxdy).
Such polynomials have found several interesting applications in various branches
of mathematics, physics and technology. They are used as basic tools in studying
the complex Markov process [18], the nonlinear analysis of travelling wave tube
amplifiers [5], the singular values of the Cauchy transform [15], the coherent states
[2,3,23], combinatory [16,17], the poly-analytic functions and signal processing [7,
21].
A natural extension of Hm,n(z, z) to the quaternionic setting is defined by [23]
HQm,n(q, q) =
m∧n∑
k=0
(−1)kk!
(
m
k
)(
n
k
)
qm−kqn−k, q ∈ H.(2)
This class appears naturally when investigating spectral properties of the sliced
second order differential operator of Laplacian type ∆q = −∂s∂s + q∂s, where ∂s
and ∂s are the left slice derivatives in (4) and (5), respectively. More precisely, the
polynomials HQm,n, for varying n, form an orthogonal basis of a new class of slice
poly-hyperholomorphic Bargmann-Fock space GB2m(H). The particular case ofm =
0 leads to the standard slice hyperholomorphic Bargmann-Fock space introduced
in [4] which is the quaternionic analogue of the holomorphic Bargmann-Fock space.
Moreover, such polynomials are employed to determinate the explicit formula for
the corresponding reproducing kernel and in introducing the corresponding Segal-
Bargmann transforms [9].
In the present paper, we will study them in some detail and obtain further
remarkably interesting properties. Mainely, we investigate the following items:
• Integral representation,
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• Alternatives to Rodrigues’ formula,
• Exponential and Burchnall operational formulas,
• Orthogonality property,
• Generating functions,
• Quadratic recurrence identities,
among others. Thus, different realizations are given and operational formulas of
Burchnall type they satisfy are obtained. These formulas are then employed to ob-
tain quadratic recurrence formulas and generating functions. The orthogonality in
the full Hilbert space on H is considered. Moreover, we show that these polynomials
form an orthogonal basis.
Although the extension to quaternion variable is natural, some of the obtained
results are quite diverse and require special attention, mainly due to the peculiari-
ties of the quaternionic setting. In fact, we must take care of the non-commutativity
of the product in H and the notion of the left slice derivative. Both make the study
of HQm,n(q, q) distinctively different from the one provided for the complex Hermite
polynomials. This will be clarified when dealing with the associated generating
functions showing in what the quaternionic structure is specially important. We
provide for instance a precise example showing that the considered extension is
absolutely non-trivial. Recall from [12] that the univariate complex Hermite poly-
nomials in (1) satisfies the addition formula of Runge type,
2
m+n
2 Hm,n
(
p+ q√
2
,
p+ q√
2
)
= m!n!
m∑
j=0
n∑
k=0
Hj,k(p, p)Hm−j,n−k(q, q)
j!k!(m− j)!(n− k)! .(3)
Accordingly, such identity remains valid for HQm,n restricted to given slice LI =
R + IR; I2 = −1, this readily follows since in this case HQm,n(p + q, p+ q) =
Hm,n(p + q, p+ q) for every p, q ∈ LI . Although this is not true for arbitrary
p, q ∈ H as can be showed by considering particular case of n = 0. In fact, the right
hand-side in (3) reduces further to
∑m
j=0
(
m
j
)
pjqm−j which is completely different
from 2
m+n
2 HQm,0
(
p+q√
2
, p+q√
2
)
= (p+ q)m for lack of commutativity in H.
The paper is organized as follows. In Section 2, we review briefly some needed
facts on the slice derivative. Section 3 is devoted to derive an integral representation
and give the explicit expression in terms of some special functions. We also establish
the connection with the real Hermite polynomials. Rodrigues’ representation and
their alternatives involving the slice derivatives are given and then used to discuss
some auxiliary results, including three recurrence formulas, symmetry relations, the
realization as the exponential of the Laplace-Beltrami operator acting on monomials
qmqn and operational formulas of Burchnall types. Moreover, quadratic recurrence
formulas of Nielsen type are presented. In Section 4, we prove Theorem 4.2 asserting
that HQm,n(q, q) form an orthogonal basis of the Hilbert space L
2(H; e−|q|
2
dλ) of all
square integrable H-valued functions on H with respect to the Gaussian measure.
We also calculate the formal adjoint of the slice derivative in L2(H; e−|q|
2
dλ) (see
Proposition 4.4). Section 5 is devoted to establish some generating functions for the
HQm,n(q, q). We conclude the paper with an appendix in which we provide proofs
of some elementary lemmas that we have used to prove our main results.
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2. The slice derivative
In this section, we review briefly some basic mathematical concepts relevant
to the notion of the slice derivative [6,14]. Let H = R4 denote the algebra of
quaternions with basis elements i0 = 1, i1, i2, i3 = i1i2 such that i
2
ℓ = −1; ℓ = 1, 2, 3
and i1i2 = −i2i1. The conjugate of q is the quaternion q = x0 − x1i1− x2i2− x3i3.
Every generic element q = x0+x1i1+x2i2+x3i3, with xℓ ∈ R, can be rewritten as
q = x+ yI, where x, y are real numbers with y ≥ 0 and I = Iq ∈ S = {q ∈ H; q2 =
−1}.
For any fixed unit quaternion I ∈ S, the slice LI = R+ RI is defined to be the
complex plane in H passing through 0, 1 and I. Thus H can be seen as the union of
all slices. The left slice derivative ∂sf of a real differentiable function f : Ω −→ H
on a given domain Ω ⊂ H, is defined by
∂sf(q) =


1
2
(
∂fIq
∂x
− Iq
∂fIq
∂y
)
(q), if q ∈ ΩIq \ R,
df
dx
(xq), if q = xq ∈ ΩIq ∩ R,
(4)
where fI denotes the restriction of f to ΩI := Ω ∩ LI . Analogously, ∂s is defined
by
∂sf(q) =


1
2
(
∂fIq
∂x
+ Iq
∂fIq
∂y
)
(q), if q ∈ ΩIq \ R,
df
dx
(xq), if q = xq ∈ ΩIq ∩ R.
(5)
In a similar way the right slice derivatives ∂Rs f and ∂
R
s are defined by
∂Rs f(q) =
1
2
(
∂fIq
∂x
− ∂fIq
∂y
Iq
)
(q),(6)
∂
R
s f(q) =
1
2
(
∂fIq
∂x
+
∂fIq
∂y
Iq
)
(q),(7)
for q = xq + yqIq ∈ Ω \ R.
Remark 1. The Iq in front of the derivative
∂
∂y
depends on the point at which the
function is being considered. The notion of slice derivative is the key tool used
by Gentili and Struppa to introduce the new theory of quaternionic slice regular
functions (see [14]).
Remark 2. The right ∂Rs f and the left ∂sf slice derivatives coincide when acting
on expansion series with real coefficients, like the Gaussian function e−|q|
2
.
The following product rule (9) for the slice derivative follows immediately from
(8) which can be obtained easily by direct computation starting from (4). It will
be used systematically in the next sections.
Lemma 2.1. We have
∂s(fg)(q) = ∂s(f)(q)g(q) + f(q)∂s(g)(q) +
1
2
[f, Iq]
∂gIq
∂y
(q)(8)
and therefore the following product rule
∂s(fg)(q) = ∂s(f)(q)g(q) + f(q)∂s(g)(q)(9)
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holds for every real differentiable functions f, g : H −→ H such that [f, Iq] :=
fIq − Iqf = 0, and in particular for f(q) = qmqne−|q|2 .
Subsequently, the analogue of the classical Leibniz formula for the slice derivative
holds true under the assumptions of Lemma 2.1.
Lemma 2.2. For every real differentiable functions f, g : H −→ H such that
[f, Iq] := fIq − Iqf = 0, we have
∂ns (fg)(q) =
n∑
j=0
(
n
j
)
∂n−js (f)(q)∂
j
s(g)(q).(10)
Notice that ∂s(fg) 6= ∂s(gf) in general, and that the condition [f, Iq] = 0 in
Lemmas 2.1 and 2.2 is satisfied when f is a real-valued function and more generally
when f has convergent series
f(q) =
∑
m,n≥0
αm,nq
mqn,
with real coefficients, αm,n ∈ R. This is the case of the exponential function with
quaternion variable defined as eq =
∑∞
n=0
qn
n! . In the sequel, we need to consider
the following
e
(p,q)
∗ :=
∞∑
n=0
pnqn
n!
for p, q ∈ H. The series converges absolutely and uniformly on compact subsets
of H. The function e
(p,q)
∗ is the reproducing kernel of the slice hyperholomorphic
Bargmann-Fock space [4,8]. Notice also that the function e
(p,q)
∗ satisfies e
(p,q)
∗ =
e
(q,p)
∗ and reduces further the usual exponential when p ∈ H and q ∈ R, e(p,q)∗ =
e
(q,p)
∗ = epq. Moreover, we prove the following special function
Lemma 2.3. For λ ∈ R and u, v ∈ H, we have
e
(u,λ+v)
∗ = e
(λ,u)
∗ e
(u,v)
∗ = eλue
(u,v)
∗
and
e
(λ+v,u)
∗ = e
(λ,u)
∗ e
(v,u)
∗ = eλue
(v,u)
∗ .
The above result is needed to prove of Theorem 5.4. Its proof is given in the
appendix.
3. Some auxiliary results for HQm,n(q, q)
The few known properties of HQm,n(q, q) are derived from their analogues of
Hm,n(z, z) by means of
(11) HQm,n(q, q) = Uq
(
Hm,n(z, z) 0
0 Hm,n(z, z)
)
U∗q ,
where q ∈ H is identified here to its matrix representation q = Uq
(
z 0
0 z
)
U∗q
for some Uq ∈ SU(2) (see [23]). In the sequel, we discuss some basic properties of
these polynomials using their different representations.
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3.1. Preliminary results. We provide here the explicit expression of the polyno-
mials HQm,n(q, q) in terms of special functions as well as an integral representation.
We begin by presenting the connection of the slice poly-regular Hermite polynomials
HQm,n(q, q) to the classical real Hermite polynomials
Hn(x) = (−1)nex
2 dn
dxn
(e−x
2
).
Lemma 3.1. For every q = x+ yI with x, y ∈ R and I ∈ S, we have
HQm,n(q, q) =
(
I
2
)m+n
m!n!
m∑
k=0
n∑
j=0
(−1)m+jIk+j
k!j!(m− k)!(n− j)!Hk+j(x)Hm+n−k−j(y).
(12)
The following expressesHQm,n(q, q) in terms of the confluent hypergeometric func-
tion 1F1 and the Laguerre polynomials L
(α)
k .
Lemma 3.2. Set m ∧ n := min(m,n) and m ∨ n := max(m,n). Then, we have
HQm,n(q, q) =
(−1)m∧n (m ∨ n)!
(|m− n|)!
qmqn
|q|2m∧n 1F1
( −m ∧ n
|m− n|+ 1
∣∣∣∣|q|2
)
= (−1)m∧n (m ∧ n)!|q|−2m∧nqmqnL(|m−n|)m∧n (|q|2).(13)
Remark 3. By means of the global uniform estimate for the generalized Laguerre
polynomials [20],
∣∣∣L(α)n (x)∣∣∣ ≤ L(α)n (0)e x2 valid for α, x ≥ 0 and n = 0, 1, · · · , we
obtain from (13) the following upper bound∣∣∣HQn+p,n(q, q)∣∣∣ ≤ (n+ p)!p! |q|pe |q|
2
2 .(14)
This estimate needed to justify different mathematical operations on series and
integrals and in particular to ensure the convergence of the series occurring in the
next sections.
We conclude this subsection by giving an integral representation of the polyno-
mials
Lemma 3.3. For every I ∈ S and every q ∈ LI , we have
HQm,n(q, q) =
(∓I)m+n
π
e|q|
2
∫
LI
ξmξ
n
e−|ξ|
2±I(ξq+ξq), dλI(ξ)(15)
where dλI is the Lebesgue measure on the slice LI.
The proofs of the above lemmas are presented in the Appendix.
3.2. Variants of Rodrigues’ formula and recurrence formulas. We prove
that the quaternionic Hermite polynomial HQm,n(q, q) defined by the Rodrigues’
formula
HQm,n(q, q) = (−1)m+ne|q|
2
∂
m
s ∂
n
s e
−|q|2(16)
on H \R, and extended to the whole H by (2), can be generated by iteration of the
element qm using the first slice differential operator −∂s + q. Namely, we assert
Proposition 3.4. The slice poly-regular Hermite polynomials HQm,n(q, q) have the
representation
HQm,n(q, q) =
(−∂s + q)m (qn) = (−∂s + q)n (qm).(17)
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Proof. The second equality in (17) follows easily by setting f(q) = qm in the identity
(−∂s + q)n (f) = (−1)ne|q|
2
∂ns (e
−|q|2f),(18)
keeping in mind that e−|q|
2
is a real-valued function on H as well as
qme−|q|
2
= (−1)m∂ms (e−|q|
2
).
The identity (18) can be handled by induction starting from the right hand-side
and making use of the rule product (9). It should be noticed here that the left
multiplication by q and the left slice derivative ∂s commute. 
Remark 4. Proposition 3.4 can be used to rederive the explicit expression ofHQm,n(q, q)
in terms of q and q, or also in terms of the confluent hypergeometric function 1F1.
Lemma 3.5. The operator Aq = ∂s is an annulation operator for the polynomials
HQm,n(q, q) for satisfying
(19) ∂sH
Q
m,n(q, q) = nH
Q
m,n−1(q, q).
More generally, we have
(20) ∂js∂
k
sH
Q
m,n(q, q) = j!k!
(
m
j
)(
n
k
){
HQm−j,n−k(q, q) if j ≤ m, k ≤ n;
0 otherwise.
Proof. The equality (19) is an immediate consequence of equation (17) combined
with (18). The symmetry relationship HQm,n(q, q) = HQn,m(q, q) and (19) yields
(21) ∂sH
Q
m,n(q, q) = mH
Q
m−1,n(q, q).
By induction we get (20). 
Remark 5. It is clear from (20) that ∂
m+1
s H
Q
m,n(q, q) = 0. Thus, the polynomials
HQm,n are slice poly-regular functions of order m.
Accordingly, HQm,n(q, q) are polynomials of degree m in q and degree n in q and
satisfy the symmetry relationship HQm,n(−q,−q) = (−1)m+nHQm,n(q, q). Moreover,
they verify the following three term recurrence formulas.
Lemma 3.6. We have
(22) HQm,n+1(q, q) = −mHQm−1,n(q, q) + qHQm,n(q, q)
and
(23) HQm+1,n(q, q) = −nHQm,n−1(q, q) + qHQm,n(q, q).
Moreover, the polynomials HQm,n(q, q) are common L
2-eigenfunctions of the second
order differential operators ∂s∂s − q∂s and ∂s∂s − q∂s.
Proof. The second three term recurrence formula (23) follows at once from the first,
taking the conjugation. Relation (22) follows by writing HQm,n+1 as
(24) HQm,n+1(q, q) =
(−∂s + q) (HQm,n(q, q)),
thanks to (17), and using (19). Next, by means of (23) combined with (20) with
k = 1 and j = 0 we get
(25)
(−∂s∂s + q∂s)HQm,n(q, q) = mHQm,n(q, q).
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Similarly, we have
(26)
(−∂s∂s + q∂s)HQm,n(q, q) = nHQm,n(q, q).

3.3. Exponential operational formula. We are concerned with the exponential
representation for the slice poly-regular Hermite polynomials HQm,n(q, q). It is the
quaternionic analogue of the operational representation for the univariate complex
Hermite polynomials Hm,n(z, z) obtained in [16].
Proposition 3.7. We have the exponential representation
HQm,n(q, q) = e
−∂s∂s (qmqn) =: e−∆s (qmqn) .
Proof. Starting from (17) and using the binomial formula for the commuting oper-
ators −∂s and q, we can rewrite HQm,n(q, q) as
HQm,n(q, q) =
(−∂s + q)m (qn) = m∑
k=0
(
m
k
)
(−1)k∂ks (qn)qm−k.
Now, since
(
m
k
)
qm−k = ∂ks (q
m)/k! when k ≤ n and vanishing otherwise, we get
HQm,n(q, q) =
∞∑
k=0
(−1)k
k!
(
∂s∂s
)k
(qmqn) = e−∂s∂s (qmqn) . 
Formally, Proposition 3.7 when combined with (20) shows that we can linearize
qmqn in terms of the polynomials HQm−k,n−k(q, q). More precisely, we assert
Proposition 3.8. We have
qmqn = m!n!
m∧n∑
k=0
HQm−k,n−k(q, q)
k!(m− k)!(n− k)! .(27)
Proof. It suffices to show this for m ≥ n. Direct computation using the explicit
expression (2) yields
m!n!
m∑
k=0
HQm−k,n−k(q, q)
k!(m− k)!(n− k)! = m!n!
m∑
k=0
m−k∑
j=0
(−1)j
j!k!
qm−k−jqn−k−j
(m− k − j)!(n− k − j)!
= m!n!
m∑
s=0
s∑
j=0
(−1)j
j!(s− j)!
qm−sqn−s
(m− s)!(n− s)! .
This immediately follows from
∑m
k=0
∑m−k
j=0 aj,k =
∑m
s=0
∑s
j=0 aj,s−j . Next, (27)
follows by means of the fact
s∑
j=0
(−1)j
j!(s− j)! = δs,0. 
3.4. Operational formulas of Burchnall type. Let us consider the differential
operators
Am,n(f) = (−1)me|q|
2
∂
m
s
(
qne−|q|
2
f
)
(28)
and
Bm,n(f) = (−1)m+ne|q|
2
∂
m
s ∂
n
s
(
e−|q|
2
f
)
.(29)
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Theorem 3.9. For given positive integers m and n, we have the following opera-
tional formulas of Burchnall type involving HQm,n(q, q) for the sufficiently differen-
tiable function f ,
Am,n(f) = m!n!
m∑
j=0
(−1)j
j!
HQm−j,n(q, q)
(m− j)!n! ∂
j
s(f)(30)
and
Bm,n(f) = m!n!
m∑
j=0
n∑
k=0
(−1)j+k
j!k!
HQm−j,n−k(q, q)
(m− j)!(n− k)!∂
j
s∂
k
s (f).(31)
Proof. To prove (30), we apply the Leibniz formula for the slice derivative (Lemma
2.2) to (28) since [qne−|q|
2
, Iq] = 0 and next use (20). Thus, we obtain
Am,n(f) = (−1)me|q|
2
m∑
j=0
m!
j!(m− j)!∂
m−j
s
(
qne−|q|
2
)
∂
j
s(f)
= m!
m∑
j=0
(−1)j
j!(m− j)!H
Q
m−j,n(q, q)∂
j
s(f).
The proof of (31) is quite similar. In fact, since e−|q|
2
is a real-valued function, we
make use of the Leibniz formula to get
Bm,n(f) = (−1)m+ne|q|
2
m∑
j=0
n∑
k=0
m!n!
j!k!(m− j)!(n− k)!∂
m−j
s ∂
n−k
s
(
e−|q|
2
)
∂
j
s∂
k
s (f)
= m!n!
m∑
j=0
n∑
k=0
(−1)j+k
j!k!(m− j)!(n− k)!H
Q
m−j,n−k(q, q)∂
j
s∂
k
s (f).
This yields the required result. 
Remark 6. By (18) and (16), we can rewrite the differential operator Bm,n(f) as
Bm,n(f) =
(−∂s + q)m (−∂s + q)n .(f).
Remark 7. The specific operators Am,0 and Bm,0 are the same. They are of par-
ticular interest since they lead to special examples of slice poly-regular functions.
Indeed, by assuming that f is a slice regular function, we get from Theorem 3.9 the
following
(−1)ne|q|2∂ns
(
e−|q|
2
f
)
= (−1)n
n∑
k=0
(−1)k
(
n
k
)
qk∂n−ks (f) =
n∑
k=0
qkhk(q),
where hk are slice regular functions.
3.5. Special identities of Nielsen type. Quadratic recurrence identity of Nielsen
type and their variants are proved using Burchnall’s operational formulas. We begin
with the following
Proposition 3.10. We have the following identity of Nielsen type
HQ
m+m′ ,n+n′
(q, q) = m!n!m
′
!n
′
!
m∧m′∑
j=0
n∧n′∑
k=0
(−1)j+k
j!k!
HQ
m
′−j,n′−k(q, q)
(m′ − j)!(n′ − k)!
HQm−j,n−k(q, q)
(m− j)!(n− k)! .
ON SOME ANALYTIC PROPERTIES OF SLICE POLY-REGULAR HERMITE POLYNOMIALS9
Proof. According to the Rodrigues’ formula, we have
HQ
m+m′ ,n+n′
(q, q) = (−1)m+n+m
′
+n
′
e|q|
2
∂m+m
′
s ∂
n+n′
s
(
e−|q|
2
)
= (−1)m
′
+n
′
e|q|
2
∂m
′
s ∂
n
′
s
(
e−|q|
2
HQm,n(q, q)
)
.
Then, making use of the operational formula (31), we get
HQ
m+m′ ,n+n′
(q, q)
(31)
= m
′
!n
′
!
m
′∑
j=0
n
′∑
k=0
(−1)j+kHQ
m
′−j,n′−k(q, q)∂
k
s ∂
j
s(H
Q
m,n(q, q))
j!k!(m′ − j)!(n′ − k)! .
Therefore, the result of Theorem 3.10 follows since
∂ks ∂
j
s(H
Q
m,n(q, q)) =
m!n!
(m− k)!(n− j)!H
Q
m−k,n−j(q, q). 
Proposition 3.11. We have
√
2
m−n−n′
HQm,n+n′(
√
2q,
√
2q) =
m∑
j=0
(
m
j
)
HQm−j,n(q, q)H
Q
j,n′(q, q),
(32)
√
2
m+n−n′
HQm,n+n′(
√
2q,
√
2q) =
m∑
j=0
n∑
k=0
(
m
j
)(
n
k
)
HQm−j,n−k(q, q)H
Q
j,k+n′(q, q),
(33)
HQm,n+n′(q, q) =
m∧n′∑
j=0
(−1)j n
′!
(n′ − j)!
(
m
j
)
qn
′−jHQm−j,n(q, q).
(34)
Proof. The identity (32) follows from (30) since for the particular case of f =
qn
′
e−|q|
2
we have
Am,n(qn
′
e−|q|
2
) =
√
2
m−n−n′
e−|q|
2
HQm,n+V n′(
√
2q,
√
2q)
and
∂
j
s(q
n′e−|q|
2
) = (−1)je−|q|2HQj,n′(q, q).
While (33) follows from (31) using the operator Bm,n. Indeed, for f = qn′e−|q|2 ,
we have
Bm,n(qn
′
e−|q|
2
) =
√
2
m+n−n′
e−|q|
2
HQm,n+n′(
√
2q,
√
2q)
and
∂
j
s∂
k
s (q
n′e−|q|
2
) = e−|q|
2
HQj,k+n′ (q, q).
The last identity (34) is obtained since for f = qn
′
, we have
Bm,n(qn
′
) = HQm,n+n′(q, q)
and
∂
j
s∂
k
s (q
n′) =
n′!
(n′ − j)!q
n′−jδk,0
for j ≤ n′ and vanishes otherwise. 
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4. Orthogonality of HQm,n(q, q)
Added to the Lebesgue measure on H, dλ(q) = dx0dx1dx2dx3; q = x0 + x1i2 +
x2i3 + x3i3, we denote by dλI(q) = dxdy, q = x + Iy, the Lebesgue measure on
a given slice LI . By L
2(LI ; e
−|q|2dλI) we denote the slice Hilbert space consisting
of all H-valued functions on H subject to norm boundedness ‖f‖slice < +∞. This
norm is induced from the inner product on a given slice
〈f, g〉slice =
∫
LI
f(x+ Iy)g(x+ Iy)e−x
2−y2dxdy.(35)
We also consider the full left quaternionic Hilbert space L2(H; e−|q|
2
dλ) of square
integrable functions on H with respect to the inner product
〈f, g〉full :=
∫
H
f(q)g(q)e−|q|
2
dλ(q).(36)
The orthogonality of HQm,n(q, q) in the slice Hilbert space L
2(LI ; e
−|q|2dλI) is given
by 〈
HQm,n, H
Q
j,k
〉
slice
= m!n!πδm,jδn,k
and immediately follows from the one for the complex Hermite polynomials, since
the restriction of the HQm,n(q, q) to the slice LI reduces further to the complex
Hermite polynomials. Moreover, the polynomials form an orthogonal basis of
L2(LI ; e
−|q|2dλI) (see [1,11,15,18]). In the sequel, we provide orthogonality for-
mulas in L2(H; e−|q|
2
dλ) for the slice poly-regular Hermite polynomials HQm,n(q, q)
and prove their completeness in such Hilbert space.
Proposition 4.1. The slice poly-regular Hermite polynomials HQm,n(q, q) form an
orthogonal system in the full Hilbert space L2(H; e−|q|
2
dλ). More precisely, we have〈
HQm,n, H
Q
j,k
〉
full
= m!n!πV ol(S)δm,jδn,k.
Proof. To prove the orthogonal property of the polynomials HQm,n(q, q) in the full
Hilbert space L2(H; e−|q|
2
dλ), we begin by rewriting (13) in the polar coordinates
q = reIΦ with r ≤ 0, Φ ∈ [0, 2π) and I ∈ S. Indeed, we have
HQm,n(q, q) = (−1)m∧n (m ∧ n)!r|m−n|e(m−n)IΦL(|m−n|)m∧n (r2),
so that〈
HQm,n, H
Q
j,k
〉
full
:=
∫
H
HQm,n(q, q)H
Q
j,k(q, q)e
−|q|2dλ(q)
= cj,km,n
∫ ∞
0
∫
S
∫ 2π
0
r|s|+|s
′|e[s−s
′]IΦL
(|s|)
m∧n(r
2)L
(|s′|)
j∧k (r
2)e−r
2
rdΦdσ(I)dr,
where we have set s = m−n and s′ = j−k and cj,km,n = (−1)m∧n+j∧k (m ∧ n)! (j ∧ k)!.
Above dr (resp. dΦ) denotes the Lebesgue measure on positive real line (the unit
circle) and dσ(I) stands for the standard area element on S. Thus the polynomials
HQm,n(q, q) and H
Q
j,k(q, q) are orthogonal in L
2(H; e−|q|
2
dλ) whenever s = m− n 6=
j − k = s′, and in particular for any (m,n) 6= (j, k) such that m− n 6= j − k′. This
readily follows since ∫ 2π
0
e[s−s
′]IΦdΦ = 2πδs,s′ .
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Now, for the pairs (m,n), (j, k) such that m− n = j − k, we have n = m + s and
k = j + s for some integer s. Thus, m ∧ n = m (resp. m ∧ n = n) if and only if
j∧k = j (resp. j∧k = k). Therefore, if we assume that m∧n = m, then n = m+s
and k = j + s with s = 0, 1, 2, · · · , and we obtain〈
HQm,n, H
Q
j,k
〉
full
=
〈
HQm,m+s, H
Q
j,j+s
〉
= 2π(−1)m+jm!j!
∫ ∞
0
∫
S
r2kL(s)m (r
2)L
(s)
j (r
2)e−r
2
rdr
= πV ol(S)(−1)m+jm!j!
∫ ∞
0
L(s)m (t)L
(s)
j (t)t
se−tdt.
By means of the orthogonality property of the generalized Laguerre polynomials
[22] ∫ ∞
0
L(α)m (t)L
(α)
j (t)t
αe−tdt =
Γ(α+m+ 1)
m!
δm,j ,
it follows that for m− n = j − k, have〈
HQm,n, H
Q
j,k
〉
full
= m!n!πV ol(S)δm,jδn,k.

Accordingly, we are in position to prove the following interesting theorem.
Theorem 4.2. The slice poly-regular Hermite polynomials HQm,n(q, q) constitute
a complete orthogonal system in L2(H; e−|q|
2
dλ). In particular, for every f ∈
L2(H; e−|q|
2
dλ) we have a unique left decomposition
f(q) =
∞∑
m=0
∞∑
n=0
Cm,nH
Q
m,n(q, q),
for certain quaternionic sliced constants Cm,n = C
I
m,n satisfying the growth condi-
tion
∞∑
m,n=0
m!n!
(∫
S
|Cm,n|2
)
< +∞.
Remark 8. The constants Cm,n involved in Theorem 4.2 are sliced in the sense of
Remark 1, which means that they may depend on the slice of the point at which
the function is being considered, Cm,n = Cm,n(Iq).
In order to prove Theorem 4.2, we need the following lemma.
Lemma 4.3. For every a ∈ R and q ∈ H we have
Ga(q) :=
∞∑
m,n=0
am+n
m!n!
HQm,n(q, q) = e
2aℜ(q)−a2 .
Proof. Lemma 4.3 appears as a particular case of the generating function (45) below.
However, we provide below a direct proof based on the integral representation (15).
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Indeed, we have
Ga(q) =
e|q|
2
π
∫
LI
( ∞∑
m,n=0
(∓aI)m+nξmξn
m!n!
)
e−|ξ|
2±I(ξq+ξq)dλI(ξ)
=
e|q|
2
π
∫
LI
e−|ξ|
2∓I(a−q)ξ+∓I(a−q)ξdλI(ξ)
=
e|q|
2
π
πe−(a−q)(a−q).
This completes the proof of Lemma 4.3. The last equality follows thanks to∫
LI
e−ν|ξ|
2+αξ+βξdλI(ξ) =
(π
ν
)
e
αβ
ν ,(37)
valid for every fixed positive real number ν > 0 and arbitrary complex numbers
α, β ∈ C. Formula (37) is quite easy to check by writing ξ as ξ = x + iy; x, y ∈ R,
and next making use of the Fubini’s theorem as well as the explicit formula for the
Gaussian integral ∫
R
e−νx
2+bxdx =
(π
ν
) 1
2
e
b2
4ν ; ν > 0, b ∈ C.

Proof of Theorem 4.2. We need only to prove completeness. Let f ∈ L2(H; e−|q|2dλ)
and assume that for every m,n we have
〈
f,HQm,n
〉
full
= 0. Thus, it follows that∫
H
f(q)e2aℜ(q)−a
2−|q|2dλ(q) = 〈f,Ga〉full =
∞∑
m,n=0
am+n
m!n!
〈
f,HQm,n
〉
full
= 0.
By rewriting q as q =
∑3
ℓ=0 xℓiℓ, we obtain e
2aℜ(q)−a2−|q|2 = e−(a−x0)
2−x21−x22−x23 =
e−‖X−T‖
2
2 =: φ0(X−T ), where we have set X = (x0, x1, x2, x3) and T = (a, 0, 0, 0).
Therefore, every the component function fℓ of f(q) =
∑3
ℓ=0 fℓ(x0, x1, x2, x3)iℓ =∑3
ℓ=0 fℓ(X)iℓ, satisfies
fℓ ∗ φ0(T ) =
∫
R4
fℓ(X)e
−‖X−T‖22dX = 0,(38)
Hence by applying the standard fourth-dimension Fourier transform F to the both
sides of (38), we get F(fℓ ∗ φ0) = F(fℓ)× F(φ0) = 0. Therefore, F(fℓ) is identically
zero on R4, since F(φ0) does not vanishes on R
4 for being a Gaussian function. The
injectivity of the Fourier transform shows that fℓ is identically zero on H and so
is f . This proves that
{
HQm,n
}∞
m,n=0
is a complete system in L2(H; e−|q|
2
dλ). To
conclude for the proof, notice that by expanding f, g ∈ L2(H; e−|q|2dλ) as f(q) =∑∞
m,n=0 am,nH
Q
m,n(q, q) and g(q) =
∑∞
m,n=0 bm,nH
Q
m,n(q, q), and next using the
orthogonality of the slice poly-regular Hermite polynomials in the slice Hilbert
space L2(LI , e
−|q|2dxdy) (see Proposition 4.1), we obtain
〈f, g〉full =
∞∑
m,n=0
(∫
S
am,nbm,ndσ(I)
)∥∥HQm,n∥∥2L2(LI ;e−|q|2dxdy)
= π
∞∑
m,n=0
m!n!
(∫
S
am,nbm,ndσ(I)
)
.(39)
ON SOME ANALYTIC PROPERTIES OF SLICE POLY-REGULAR HERMITE POLYNOMIALS13
Thus, f(q) =
∑∞
m,n=0 am,nH
Q
m,n(q, q) belongs to L
2(H; e−|q|
2
dλ) if and only if
∞∑
m,n=0
m!n!
(∫
S
|am,n|2
)
< +∞. 
We conclude this section with the following result giving the formal adjoint of
∂s in the Hilbert space L
2(H; e−|q|
2
dλ).
Proposition 4.4. For every f, g ∈ L2(H; e−|q|2dλ), we have〈
∂s
R
f, g
〉
full
=
〈
f, (−∂Rs +MRq )g
〉
full
,
where ∂Rs and ∂s
R
are as in (6) and (7), respectively, and MRq is the right multi-
plication operator by q, MRq g(q) = g(q)q.
Proof. Let f, g ∈ L2(H; e−|q|2dλ) and expand them as
f(q) =
∞∑
m,n=0
am,nH
Q
m,n(q, q) and g(q) =
∞∑
j,k=0
bj,kH
Q
j,k(q, q),
according to Theorem 4.2. Subsequently, making use of (−∂Rs +MRq )[bj,kHQm,n(q, q)] =
bj,kH
Q
m,n+1(q, q), the right analogue of (24), we obtain
(−∂Rs +MRq )g(q) =
∞∑
j,k=0
bj,kH
Q
j,k+1(q, q).
Now, by means of (39), we get
〈
f, (−∂Rs +MRq )g
〉
full
=
∞∑
m,k=0
m!(k + 1)!
(∫
S
am,k+1bm,kdσ(I)
)
.(40)
On the other hand, using (19), ∂sH
Q
m,n(q, q) = nH
Q
m,n−1(q, q), as well as (39), one
gets
〈
∂sRf, g
〉
full
=
∞∑
m,n=0
m!n!
(∫
S
(n+ 1)am,n+1bm,n+1dσ(I)
)
=
∞∑
m,n=0
m!k!
(∫
S
am,kbm,kdσ(I)
)
.(41)
The proof is completed by comparing the right hand-sides in (40) and (41). 
5. Generating functions
The following lemma provides the action of the operator e−∂s∂s on the expo-
nential function e−λ|q|
2
for 0 < λ < 1. Whose the proof is easy to handel (see the
appendix).
Lemma 5.1. Let 0 < λ < 1. Then, we have:
e−∆s
(
e−λ|q|
2
)
=
1
1− λ exp
(−λ|q|2
1− λ
)
.(42)
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Proposition 5.2. We have the generating functions involving Hk,k(q, q),
∞∑
k=0
(−1)kλk
k!
HQk,k(q, q) =
1
1− λ exp
(−λ|q|2
1− λ
)
(43)
and
∞∑
k=0
λk
k!
HQk,k(
√
λq,
√
λq) =
eλ|q|
2
1− λ exp
(−λ|q|2
1− λ
)
.(44)
Proof. Starting from the left hand-side of (42), expanding e−λ|q|
2
as series and
using the exponential representation e−∆s (qmqn) = HQm,n(q, q), we get
e−∆s
(
e−λ|q|
2
)
=
∞∑
k=0
(−λ)k
k!
e−∆s(|q|2k) =
∞∑
k=0
(−1)kλk
k!
HQk,k(q, q).
This proves (43). While (44) can be handled by expanding the operator e−∆s .
Indeed, we get
e−∆s
(
e−λ|q|
2
)
=
∞∑
k=0
(−1)k∂ks∂ks
k!
(
e−λ|q|
2
)
= e−λ|q|
2
∞∑
k=0
λk
k!
HQk,k(
√
λq,
√
λq).

Lemma 5.3. Fix q ∈ H and let u, v belong to the slice LIq . Then, we have the
exponential generating function
(45)
∞∑
m=0
∞∑
n=0
um
m!
vn
n!
HQm,n(q, q) = e
uq−uv+vq .
Under the assumption that u, v belong to the slice LIq , the above formula reduces
further to the generating function of the univariate complexe Hermite polynomials.
A proof of it is given in the Appendix.
Using Lemma 5.3, one obtains the following generating functions of exponential
type.
Theorem 5.4. For x ∈ R and u, q ∈ H, we have
(46)
∞∑
m=0
∞∑
n=0
xm
m!
HQm,n(q, q)
un
n!
= exqe
(q,u)
∗ e−xu
and
(47)
∞∑
m=0
∞∑
n=0
um
m!
HQm,n(q, q)
un
n!
= e−|u|
2
∣∣∣e(q,u)∗ ∣∣∣2 .
Proof. Write u ∈ H as u = a+ bJ with a, b ∈ R and J ∈ S. Then, the left hand-side
in (46) becomes
∞∑
m=0
∞∑
n=0
xm
m!
HQm,n(q, q)
un
n!
=
∞∑
m=0
∞∑
n=0
∞∑
i=0
xm
m!
an
n!
HQm,n+i(q, q)
(bJ)i
i!
,
thanks to the fact ∞∑
n=0
n∑
j=0
An−j,j =
∞∑
n=0
∞∑
j=0
An,j .
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Now, using HQm,n+i(q, q) = (−∂s + q)i
(
HQm,n(q, q)
)
as well as Lemma 5.3, we obtain
∞∑
m=0
∞∑
n=0
xm
m!
HQm,n(q, q)
un
n!
=
∞∑
i=0
(−∂s + q)i
( ∞∑
m=0
∞∑
n=0
xm
m!
an
n!
HQm,n(q, q)
)
(bJ)i
i!
=
∞∑
i=0
(−∂s + q)i exq−ax+aq (bJ)
i
i!
.
Now, since
(−∂s + q)i exq−ax+aq =
i∑
j=0
(−1)ji!qi−jxj
j!(i− j)! (e
xq−ax+aq),
it follows
∞∑
m=0
∞∑
n=0
xm
m!
HQm,n(q, q)
un
n!
= exq−ax+aq
∞∑
i=0
∞∑
j=0
qi(bJ)i
i!
(−xbJ)j
j!
.
= exq−ax+aqe(q,bJ)∗ e−xbJ
= exqe
(q,u)
∗ e−xu
in view of Lemma 2.3. In order to prove (47), let v = x + yI with x, y ∈ R and
I ∈ S. By proceeding in a similar way as for (46), we can rewrite the right hand-side
of (47) as a single sum. Indeed, by means of the generating function (46), we have
∞∑
m=0
∞∑
n=0
vm
m!
HQm,n(q, q)
un
n!
=
∞∑
m=0
∞∑
n=0
∞∑
i=0
xm
m!
(yI)i
i!
HQm+i,n(q, q)
un
n!
=
∞∑
i=0
(yI)i
i!
(−∂s + q)i
( ∞∑
m=0
∞∑
n=0
xm
m!
HQm,n(q, q)
un
n!
)
=
∞∑
i=0
(yI)i
i!
(−∂s + q)i (exqe(q,u)∗ e−xu) .
Direct computation shows that
(−∂s + q)i (exqe(q,u)∗ e−xu) = i∑
j=0
i!(−1)j
j!(i− j)!q
i−jexqe(q,u)∗ uje−xu
=
∞∑
j=0
(−1)j (yI)
j
j!
qiexqe
(q,u)
∗ uje−xu.
Therefore, we get
∞∑
m=0
∞∑
n=0
vm
m!
HQm,n(q, q)
un
n!
=
∞∑
j=0
(−yI)j
j!
( ∞∑
i=0
(yI)iqi
i!
)
exqe
(q,u)
∗ uje−xu
=
∞∑
j=0
(−yI)j
j!
e
(yI,q)
∗ exqe
(q,u)
∗ uje−xu.
Now, Lemma 2.3 infers e
(yI,q)
∗ exq = e
(v,q)
∗ . Therefore, for the specific particular
case of v = u = a − Ib (i.e., with x = a, y = −b and I = J), we see that
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e
[u,q]
∗ e
(q,u)
∗ = e
(q,u)
∗ e
(q,u)
∗ = |e(q,u)∗ |2 is real and then commutes with (bJ)j . This
implies that
∞∑
m=0
∞∑
n=0
vm
m!
HQm,n(q, q)
un
n!
=
∣∣∣e(q,u)∗ ∣∣∣2 ∞∑
j=0
(bJ)juj
j!
e−au =
∣∣∣e(q,u)∗ ∣∣∣2 e(bJ,u)∗ e−au.
The required result follows bymeans of e
(bJ,u)
∗ e−au = e
(−u,u)
∗ = e−|u|
2
. 
Consider the generating functions
Gm(q, q|v) :=
∞∑
n=0
HQm,n(q, q)v
n
n!
and
Gn(u|q, q) :=
∞∑
m=0
umHQm,n(q, q)
m!
.
Their closed explicit expressions are given by the following
Theorem 5.5. For every u, v, q ∈ H, we have
Gm(q, q|v) = (q − v)m∗R ∗R e
(q,v)
∗ ,(48)
Gn(u|q, q) = e(u,q)∗ ∗L (q − u)m∗L .(49)
For the proof, we will make use of the identity principle for slice regular functions
Lemma 5.6 ([6,10]). Let F be a slice regular function on a slice domain Ω and
denote by ZF its zero set. If ZF ∩ CI has an accumulation point in ΩI for some
I ∈ S, then F vanishes identically on Ω.
Proof of Theorem 5.5. Notice first that Gm(q, q|v) is right slice regular function in
v for every fixed q ∈ H and that G(q, q|v) = (q − v)mevq, for every v ∈ LIq , by
means of [12, Proposition 3.4]. The extension of v 7−→ (q − v)m (resp. v 7−→ evq)
to right slice regular function is given by v 7−→ (q − v)m∗R (resp. v 7−→ e
(q,v)
∗ ),
where ∗R denotes the ∗R-product of right slice regular functions as defined in [6].
Therefore, the function v 7−→ (q − v)m∗R ∗R e
(q,v)
∗ is right slice regular and coincides
with (q − v)mevq on the slice LIq . Then by the identity principle for right slice
regular functions (Lemma 5.6), we conclude that Gm(q, q|v) = (q − v)m∗R ∗R e
(q,v)
∗
for every , v, q ∈ H. The proof of (49), for the left slice regular function Gn(u|q, q)
in u, can be handled in a similar way making use of the ∗L-product for left slice
regular functions. 
We conclude this section by proving the following generating function involving
both the real and slice poly-regular Hermite polynomials. Namely, we have the
following
Theorem 5.7. We have
∞∑
n=0
Hn(x)H
Q
m,n(q, q)
n!
= e−q
2+2xqHQm
(
q +
q
2
− x
)
.
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Proof. Making use of HQm,n(q, q) = e
−∆s(qmqn), we obtain
∞∑
n=0
Hn(x)H
Q
m,n(q, q)
n!
= e−∆s
(
qm
∞∑
n=0
qnHn(x)
n!
)
=
m∑
j=0
(−1)j
j!
m!qm−j
(m− j)!

 ∞∑
n=j
qn−j
(n− j)!Hn(x)


=
m∑
j=0
(−1)j
j!
m!qm−j
(m− j)!
( ∞∑
k=0
qk
k!
Hk+j(x)
)
.(50)
The last equality holds thanks to the change of indices k = n − j. Using the fact
[22, p.197]
∞∑
k=0
qk
k!
Hk+j(x) = e
−q2+2xqHj(x− q),
we obtain
∞∑
n=0
Hn(x)H
Q
m,n(q, q)
n!
=
m∑
j=0
(−1)j
j!
m!qm−j
(m− j)!
(
e−q
2+2xqHj(x− q)
)
(51)
= e−q
2+2xq
m∑
j=0
(
m
j
)
qm−jHj(q − x).(52)
Finally, the desired result follows by utilizing the fact that
m∑
j=0
(
m
j
)
Hj(x)(2ξ)
m−j = Hm(x + ξ). 
As immediate consequence we claim the following
Corollary 5.8. We have
∞∑
m,n=0
tmHn(x)H
Q
m,n(q, q)
m!n!
= e−t
2−q2+2(x+t)q+tq−2tx.
6. Appendix
6.1. Proof of Lemma 3.2. The second expression in Lemma 3.2 is an immediate
consequence of the first one due to the fact [22, p. 200]:
1F1
( −n
α+ 1
∣∣∣∣x
)
=
n!
(α+ 1)n
Lαn(x).
To get the first one we start from
HQm,n(q, q) =
m∧n∑
k=0
(−1)kk!
(
m
k
)(
n
k
)
qm−kqn−k,(53)
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with the assumption that m ≥ n, and we make the change of indices n− k = i. We
obtain
HQm,n(q, q) =
n∑
i=0
(−1)i+nn!m!
(n− i)!(m− n+ i)!
|q|2iqm−n
i!
=
(−1)nm!
(m− n)!q
m−n
n∑
i=0
(−n)i
(m− n+ 1)i
|q|2i
i!
=
(−1)nm!
(m− n)!q
m−n
1F1
( −n
m− n+ 1
∣∣∣∣|q|2
)
.
For the result when n ≥ m, we use the previous one combined with HQm,n(q, q) =
HQm,n(q, q) to get
HQm,n(q, q) = q
n−m (−1)mn!
(n−m)! 1F1
( −m
n−m+ 1
∣∣∣∣|q|2
)
. 
6.2. Proof of Lemma 3.1. This holds since e|q|
2
is real-valued. In fact, starting
from (16) we obtain
HQm,n(q, q) = (−1)m+nex
2+y2
(
1
2
(∂x + I∂y)
)m
◦
(
1
2
(∂x − I∂y)
)n
(e−x
2−y2)
=
(
−1
2
)m+n
ex
2+y2
n∑
k=0
(
n
k
)
(∂x + I∂y)
m ◦
(
∂n−kx (e
−x2)∂ky (e
−y2)
)
(−I)k
=
(
−1
2
)m+n m∑
j=0
n∑
k=0
(
m
j
)(
n
k
)
ex
2
∂m+n−j−kx (e
−x2)ey
2
∂j+ky (e
−y2)Ij(−I)k
=
(
1
2
)m+n m∑
j=0
n∑
k=0
(−1)k
(
m
j
)(
n
k
)
Hm+n−j−k(x)Hj+k(y)Ij+k.

6.3. Proof of Lemma 3.3. From Lemma 3.1, the integral representation for the
Hermite polynomials
Hn(x) =
(±2I)n√
π
∫
R
tne−(t±Ix)
2
dt,
valid for every I ∈ S, and the binomial formula, we get
HQm,n(q, q) =
(
1
2
)m+n m∑
j=0
n∑
k=0
(−1)k
(
m
j
)(
n
k
)
Hm+n−j−k(x)Hj+k(y)Ij+k
=
(±I)m+n
π
∫
R2
(t1 + It2)
m(t1 − It2)ne−(t1±Ix)
2
e−(t2±Iy)
2
dt1dt2
=
(±I)m+n
π
ex
2+y2
∫
R2
(t1 + It2)
m(t1 − It2)ne−t
2
1−t22∓2I(xt1+yt2)dt1dt2
By setting ξ = t1 + It2 ∈ LI , we conclude that
HQm,n(q, q) =
(±I)m+n
π
e|q|
2
∫
LI
ξmξ
n
e−|ξ|
2∓2Iℜ(〈ξ,q〉)dλ(ξ)
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This completes the proof. Another direct proof of (15) can be given starting from
(16). 
6.4. Proof of Lemma 5.1. Notice first that the operator ∆s = ∂s∂s on H \ R is
closely connected to the Laplacian on R2. In fact, if ∆x =
1
4
∂2
∂x2
and ∆y =
1
4
∂2
∂x2
,
then ∆s = ∆x +∆y .Therefore, for e
−λ|q|2 = e−λx
2−λy2 with q = x+ yI, we obtain
e−∆s
(
e−λ|q|
2
)
=
(
e−∆x(e−λx
2
)
)
×
(
e−∆y(e−λy
2
)
)
.
The identity (42) follows immediately making use of
e−∆x
(
e−λx
2
)
= (1− λ)− 12 exp
(−λx2
1− λ
)
. 
6.5. Proof of Lemma 5.3. By means of the fact HQm,n(q, q) = e
−∆s (qmqn), we
get
∞∑
m=0
∞∑
n=0
um
m!
vn
n!
HQm,n(q, q) =
∞∑
m=0
∞∑
n=0
um
m!
vn
n!
e−∆s (qmqn) = e−∆s
(
euqevq
)
for u, v belonging to the slice LIq . Substitution of
e−∆s
(
euqevq
)
=
∞∑
k=0
(−1)k
k!
euqukvkevq = euq
[ ∞∑
k=0
(−1)k
k!
(uv)k
]
evq
in the previous equation yields
∞∑
m=0
∞∑
n=0
um
m!
vn
n!
HQm,n(q, q) = e
uq−uv+vq . 
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